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Exact solutions of the Dirac equation with a linear scalar
confining potential in a uniform electric field
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Department of Physics, Fudan University, Shanghai, People’s Republic of China
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Abstract. The exact solutions of the Dirac equation with a linear scalar confining potential
in a uniform electric field are given. It is found that, if the scalar potential is stronger than
that of the electric field, confinement is permanent. On the contrary, if the electric field
is strong enough, confinement is impossible due to the Klein paradox.

1. Introduction

In the phenomenology of the quarkonium (Beavis et al 1979), the linear potential of
the Schrodinger equation leads to the best fit of the J/ ¢ spectrum and the y spectrum.
However, when we extend this potential to the relativistic domain, as is pointed out
by many authors (Gunion and Li 1973, Critchfield 1976), if the linear potential is
vectorlike, the Dirac equation can not give the confining result since the Klein paradox
exists. If we want to get a confining solution from the Dirac equation, we must introduce
a scalarlike potential. A scalar potential in the Dirac equation is equivalent to a
dependence of the rest mass upon position. Such potentials appear in the bag model
(Chodos et al 1974) and other models of hadrons.

Recently, by means of the wkB method, Ni and Su (1980) and others (Fishbane
et al 1983, Long and Robson 1983), have discussed the mixture of vectorlike and
scalarlike potentials in Dirac equations and find, if the vectorlike potential is stronger
than the scalarlike potential, confinement does not occur since the tunnelling solution
arises. Tunnelling will be forbidden only if the confining potential of the Dirac scalar
is stronger than the vectorlike potential. However, we must point out that all these
methods are approximate since the exact solution of (3 + 1)-dimensional Dirac equation
with linear scalar potential is, to our knowledge, still absent.

In this paper, after introducing a canonical transformation we can give the exact
solutions of the Dirac equation with linear scalar potential Az which is only dependent
on the direction z, as well as with a uniform electrical field which is a simple realisation
of the Dirac vectorlike linear potential. Our results coincide with those obtained with
the help of the approximate (wkB) method but, of course, our solutions are rigorously

accurate.

2. The exact solutions of Dirac equation with scalarlike potential Az

The model considered by us consists of a Dirac scalarlike potential V(z)= Az (Aisa
constant), the Dirac equation is

[y*ho/ax*+(mc+AZ)Y(r,t)=0 (1)
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where ¢(r, t) = (Y, ¥y, ¥3, ¥;) is a Dirac spinor wavefunction, y* is a 4x4 Dirac
matrix. Let

w(r, 1) =expli( pyx+ pry— Et)/ h]e(2) (2)
where @(2) = (@1, ¢2, €3, ¢4), We get
Yh(d/dz)e(z) =[(E/c)y* = (mc+ Az)—iy'py—iy’p,]e(2). (3)
Operating on both sides of equation (3) by y*4 d/dz, gives
¢ 0 0 —-i O\]/e
hzf—; :i =| —E%/2+pl+pi+(Az+mc)’—hA ? g 8 (‘) :j . (4)
®a, 0 =i 0 0/}\ey

We can rewrite equation (4) as

& (¢ E? (0 —i)](qol)
2 1 2 2 2
h _dzz <‘p3> = [-——Cz +pi+ps+(Az+mec) —hA _— s (5)

dZ (P) [ E2 0 —i &2
2 [P =] -S4 pt+pi+(Az+me)?+hA . (6
hdzz(% PPt Azt mo) i 0 (©

After introducing a canonical transformation
1/1 1\/U
(2)-50 @) g
[£] \/5 1 -1 U2
1/1 1\/U
(2)-50 2@ ®
@i/ 2\ —i/\U,

and setting

£=(A/h)"(z+mc/A) (9)
equations (5) and (6) reduce to

(d*/dENf(&) HI(E? = *pi — p3)/ Ahc]+1 - £} f(§) =0 (10)

(d°/dg*)g(&) +{[(E* = c”pi — c*p3)/ Ahc]~1- £1g(£) =0 (11)

where f is either U, or Uz and g is either U, or U,. Obviously, (10) and (11) are
just the same as those of the harmonic oscillator Schrodinger equation. If we choose
the boundary condition z > - 0, we get the energy spectrum

E==[2(n+1)Ahc+c’pi +c?p3]"7? (12)
and

f(&) = H,.1(€) exp(—3£7) (13)

g(§) = H,(§) exp(-1£°), (14)

where H(¢) is the Hermite polynomial of degree n. Therefore

@ =i(l 1>(C1Hn+1(§)) _lg2
<¢3> 2\ =N e )P )
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%2 =L(1 1)( csH,,<§>) i 6
<¢4> A\ —iN\eH,..0) FPCED (16)

These are the solutions of equations (4), but we cannot guarantee that they must also
be the solutions of equation (3), since we have operated on both sides of equation (3)
by the operator ¥4 d/dz. To avoid this ambiguity, let us substitute (15) and (16) into
equation (3). After a short calculation, it can be shown that if we choose the coefficients
C,, Cy, Cs, C, satisfying

2(n+1)C,— E(Ahc)V2C,+ (p,+ip (AR)TV2C5=0
—(p2—ip)(AR) V20, + E(ARc) ™ V2C,-2(n+1)Cy =0
E(ARc)™V2C, = Co+ (po+ip ) (AR)V2C, =0
—(p.—ip))(AR)V2C, + Cy— E(Ahc®)V2C, =0,

and

17)

(15) and (16) must be the solutions of equation (3). It can easily be shown that the
determinant of the coefficients of equation (17) is zero if the energy spectrum equation
(12) is satisfied, and

C,=E(Ahc®)V2C,+(p,+ip,)(AR)TV2C, (18)
Cs=(p,—ip))(Ah)"V*C,+ E(Ahc?)V2C,. (18"
Finally, we get the exact solutions of the Dirac equation with linear scalar potential
V(z)=Az as
'H,.1(§)+ E(Ahc) V2 H,(£)

(p2—ip))(AR) V2 H,(§)
iH,.,(§)—1iE(Ahc) V2 H,(§)
—(P2+iP1)(Ah)_1/2Hn(§)

=G exp(—3¢°) expli(pyx+ p,y — Et)/h] (19)

(p2+ip)(AR)TV2H, (&)
E(ARc®) ™V H,(€)+ Hyiy(€)
(Pl“ipz)(Ah)_l/an(f)
HE(ARC?) V2 H,(£) —iH,.1(£)

Uy =C, exp(—3£%) expli(p,x + p,y = Et)/ ]. (20)

Obviously, if we choose the initial condition p, = p, =0, (19), (20) are confining bound
states on the z direction, since V is only dependent on z.

3. The exact solutions combining with a uniform electric field

If there is a uniform electric field in the z direction, the Dirac equation with scalar
potential V(z)= Az will become

[y“(ho/dx* —(ie/c)A,)+(mc+Az)](r 1) =0 (21)

where A, =—ieezd,, is a four-dimensional Dirac electromagnetic potential and ¢ is
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the intensity of the electric field. In a similar way to that used in § 2 we get

2 2 h 1
(%) <[ EEE s gt (0 )

dz*\ e, 10
(3 )2
hzdi;(%) = [———(E+C§€Z)2+(Az+mc)2+p% +p§~—i£?-<? é)
(i I
To solve equations (22) and (23), let us investigate the matrix

ceeh (O 1) 0 -\ _+1 0 i(ee + Ac)
lc (1 0) Aﬁ(i O>—c(i(ee—Ac) 0 > (24)

its eigenvalue equation is

—A i(ee + Ac)
ilee — Ac) —-A

=0 (25)

and the eigenvalue A*= A%c*~¢’¢c® may be real or imaginary. Let us discuss these
two cases respectively.

(1) A%c*> e%¢?

As the eigenvalues are real we can introduce the canonical transformation as follow

@, (Ac+ee)?  (Ac+ee)V?\( U}
= . /2 1/2 ’ (26)
N —i{Ac—esg) i(Ac—es) Uj}
®s (Ac+ee)?  (Ac+ee)/?\( U
=\ 172 . 1/2 ~ (27)
P4 —i(Ac—eg) i(Ac—ee) Uj
and setting
. (A%c?—e?eH)V? Amc®—eeE
&= (he)t'? TR 2t (28)
we have
(d°/dNf (&) +[a—1-¢2)f'(£)=0 (29)
(d%/d€) g'(£) +[a+1-£1g'(¢) =0 (30)
where f’ is U} or U}, and g'is Uj or U}, and
c E? (Amc®—ecE)*
i | e G

Similarly, after some calculation we find the energy spectrum

A0 o262\ 32 A2c?— g2
m;esi[Z(n+1)Ahc(—L—£L) +(pfc2+p‘2°'c2)<——-c——e£—> (32)

E= AZC2 e




Dirac equation with a confining potential 855

and wavefunctions

[ (Ac—ee)a Ho(€)+(Ac+ee)*H,ra(€)

1 - —BAAc+ee)H,(¢')
vir =G i(Ac+es) 2, H,(¢)+i(Ac—ee)*H,.1(¢)
\ —iB,(Ac—ee)/*H,(¢)
x exp(—3¢'?) expli( pyx+ p.y — Et)/h] (33)
—~Bi(Ac+ee)/?H, (&)
o (Ac+e) H,.i(§)+ a(Ac—e§) 2 H,(¢)
d’ (I‘, t)_ C3 iBI(AC_eE)l/ZHn(é-/)
—i(Ac—ee)'’H,.(¢)~iay(Ac+ee)H,(£)
x exp(—3¢'?) exp[i( pyx + p,y~ Et)/h] (34)
where
- ! ( E 4+ me?_Ame’—ecE )
a;= (he) V(AT — 267y 17" mc Ac—ee
- L (_ E+me?_Ame—ecE )
22 o) (A= e?e?) e M T et ee

- ) (35)
¢ patip
p=-(3) |

h AZc— g2yl

1/2 _
B2=_<5> ( p2=ip;

h AZc2— g2g2) /%

.

If we put p,=p, =0 at t=0, ¢', ¢ are the respective bound states. It means that if

the scalar potential is sufficiently strong compared to the electric field, the confinement
will occur.

(2) A’c*<e’e’.
As the eigenvalues are imaginary, we can introduce the transformation as

(cp1> _((es +Ac0)Y?  (ee+Ac)V? )(Vl) (36)

es) \(ee—Ac)’? —(ee—Ac)"?/\V,

(%) _((es +A0)?  (ee+Ac)'? )(‘71) (37
es) \(ee—Ac)? —(ee—Ac)2/\V,

and change the variable as
_(e’e?-AHV! [ _Amc’~ esE]

N (he)/? ele?— A%t (38)
then V, or Vz satisfies
(d*/dn?)f(n)+(n*+B-i)f(n)=0 (39)

V, or Vl satisfies

(d*/dn?)g(n)+(n’+B+i)g(n) =0 (40)
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where

C
B= h(e?e’— AZcE)/2 [EY/ 2= m2c2—p? = pi—(Amc’ - ecE)/(cX(e2e?— A2cD)].

(41)

The solutions of equations (40) and (41) are parabolic cylinder functions (Gradshteyn
and Ryzhik 1980)

f(m)= Dgipa(x(1=i)m) (42)
g(ﬂ)zDﬂ(i—l)/z(i(l—i)n)- (43)
Similarly, we get the exact solution of equation (21) as

(ee + Ac)'?D,(w)~d(ee ~ Ac)"?’D,_(w)
~(ee+Ac)'?f,D,_,(w)

(ee — Ac)''*D,(w)— d,(ee + Ac)'?D,_ ()
~(es—Ac)"?4,D,(w)

Yyl (r, =G expli( p1x+p,y — Et)/H]

(44)

/ ~Ba(es+ Ac)V2D,_\(w)
—d,(ee—~Ac)"’D,_(w)+(ee+ Ac)'*D,(w)
Ba(ee—Ac)'’D,_ ()
a,(ee +AC)1/2D,,_1(w)—(e£ —AC)I/ZDp(w) |

/

expli( pyx+p,y— Et)/h]

(45)
where
. . 1 Amc®—ecE
a;=3(1-i) (ﬁc)l/z(ezsz—Azcz)l/z[ e — Ac +E+mc2]
1 Amc’—ecE
~ _leq _ 2
a2 =3(1-1) (hc)”z(ezez—Ach)”zl: ee+ Ac +E mc]
) (46)
=i +p(C) —(p2tip)
Br=—3 1 A (e2e?— AZcH)12
1/2 .
s N (p2—ip1)
fr=-ti(i) B
w=—(1-i)n p=13Pi (47)
(ee+AC)D, (') — &}(es ~ Ac)/2D,_y(w)
—(ee+ Ac)?B4D,_ (')
3 ,t ___C, (eE 248014
vin 1) "\ (ee—Ac)V2D,(w")—dh(es + Ac)/?D,(w')
—(ee = Ac)"’B5D,_,(w")
xXexpli( pyx + p,y — Et)/ k] (48)
: —Bi(es+ Ac)/*D,_ (')
(0, 1y = | e = AL D @)+ e 4 AC) 2D, w1

Bilee ~Ac)?D, ()
- @h(ee +Ac)2D, (") — (ee — Ac)2D, (o)

Xexpli( pyx + p,y— Et)/#] (49)
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where
di=-d,  dy=-d,  Bi=-f;  Pi=—h  w=-0 (50)
and the corresponding energy spectrum is continuous. Then asymptotically we have
when z > —

(ee+ Ac)'?

yi(r,t)>C , exp(3mB)

0
(ee — Ac)Y
0
x exp{ilin®+1B2 In (V2|n)) 1} expli(p,x + p,y — Et)/h] (51)

when z- +

(ee +Ac)l?

y(rt)> C, 12 | exp(—37B)

0
(ee —Ac)

4] |
x exp{i(in® +1B% In (V27)]} expli( pyx + poy — Et)/#]

& (ee —Ac)?

Ba(ee + Ac)Y? x/Z—Trexp(—én-B)

ar(ee+Ac)?| T(-iBi+1)

Baee — Ac)?
xexpfilin +38% In(v2m) Yexpli( p, x + p,y — Er)/2] (52)
and when z »—0

'(ee + Ac)'?

Prn-Cif O s exptin)
0
xexp{iyn®+3B In (v2|7)) 1} expli( pyx + p,y — Er)/ 4]
dy(ee — Ac)?,

Bi(ee+Ac) 2 \V2n exp(—smB)

~C s (ee + AC)”? T(—1Bi+1)
B4 (ee— Ac)?
xexpilin® +38 In(V2|n))) expli( py x + pyy — Et)/h) (53)
when z-» +©
(es+Ac)V?
W (r 1) > C} ) 12 | exp(imB) expilin®+5B In(v27)]
(ee—Ac)''~

\ 0
Xexp [i( pyx+p,y— Et)/h] (54)
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where T is the gamma function. The asymptotic behaviour of ¥* and ¢* is similar.
They represent the incident waves, reflected waves and transmitted waves. Then
the confinement is not existed even if p, =p,=0 at t=0.

4. Summary and discussion

We have seen that the exact solution for the linear scalarlike potential V(z)= Az
Dirac equation in the presence of a uniform electric field are parabolic cylinder functions
(if e*e?> A’c?) or Hermite polynomials bound states (if e*s? < A%c?). The former is
the tunnelling solution and the famous Klein paradox exists. The latter corresponds
to the confined solutions in the z direction. This conclusion is in agreement with the
approximate result obtained by Ni and Su (1980), Fishbane et al (1983), but our
conclusion is rigorous.

As a working hypothesis, in this paper, we imagine the linear scalarlike potential
is only dependent on one dimension, say z, then we get z direction confinement only.

Finally, we must point out that if we take the limit A - 0 solutions (43), (44), (47),
(48) will reduce to the solutions of Ley Koo et al (1983), and Ni and Sullivan (1982),
who investigated the behaviour of the Dirac equation in a uniform of electric field.
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